Abstract. Recently, Andrews, Dixit and Yee introduced partition functions associated with Ramanujan/Watson third order mock theta functions ω(q) and ν(q). In this paper, we find several new exact generating functions for those partition functions as well as the associated smallest parts functions and deduce several new congruences modulo powers of 5.
Introduction
A partition λ = (λ 1 , λ 2 , · · · , λ k ) of a positive integer n is a finite sequence of nonincreasing positive integer parts λ i such that n = k i=1 λ i . For example, the partitions of 5 are (5), (4, 1) , (3, 2) , (3, 1, 1), (2, 2, 1), (2, 1, 1, 1), (1, 1, 1, 1, 1).
Let p(n) denote the number of partitions of a positive integer n. With the convention that p(0) = 1, the generating function for p(n) is given by ∞ n=0 p(n)q n = 1 (q; q) ∞ ,
where, here and for the sequel, we use the customary q-series notation:
(a; q) 0 := 1, (a; q) n := n−1 k=0
(1 − aq k ), n ≥ 1, and (a; q) ∞ := lim n→∞ (a; q) n , |q| < 1.
For any positive integer j, for brevity, we also use E j := (q j ; q j ) ∞ . In 1919, Ramanujan [25] proved that 
which immediately implies one of his three famous partition congruences, namely, p(5n + 4) ≡ 0 (mod 5).
In [8] , the authors found exact generating functions for Q(5n + 1), Q(25n + 1) and Q(125n+26), where Q(n) denotes the number of partitions of a nonnegative integer into distinct (or, odd) parts. In sequel, in this paper, we find several new exact generating functions for some partition functions associated with Ramanujan/Watson third order mock theta functions as well as the associated smallest parts functions and deduce several new congruences modulo powers of 5.
Recently, partition-theoretic interpretations of mock theta functions have been the subject of prominent study. Garthwaite [17] showed the existence of infinitely many congruences for the third order mock theta function
However, the first explicit congruences were given by Waldherr [27] :
Recently, Andrews, Dixit and Yee [5] introduced partition functions associated with ω(q) and ν(q), where the latter one is a third-order mock theta function,
.
It is worthwhile to note that ω(q) and ν(q) are related by [16, 
Let p ω (n) denote the number of partitions of n in which each odd part is less than twice the smallest part and let p ν (n) denote the number of partitions of n in which the parts are distinct and all odd parts are less than twice the smallest part. It was shown by Andrews, Dixit and Yee [5] that
By (1.3) and (1.5), it is clear that p ω (n) = a ω (n−1), and hence, Wladherr's congruences (1.4) can be recast as
Recently, Andrews, Passary, Sellers and Yee [7] found an elementary proof of the above congruences. They also proved several congruences modulo 2 and infinite families of congruences modulo 4 and modulo 8 for p ω (n) and p ν (n). Motivated by the works in [5, 7] , Wang [28] and Cui, Gu and Hao [14] found many new congruences satisfied by p ω (n) and p ν (n) modulo 11 and modulo powers of 2 and 3. In particular, Wang [28] derived the following exact generating functions:
We also deduce the following interesting congruence recently proved by Xia [31] .
Corollary 1.5. For integers n ≥ 0 and k ≥ 0, we have
The smallest parts function spt(n), counting the total number of appearances of the smallest parts in all partitions of n, was introduced by Andrews [1] , and the function has received great attention since its introduction. For example, see [3, 4, 13, 15, 18, 22, 23, 24] .
Andrews, Dixit and Yee [5] also studied the associated smallest parts functions spt ω (n) and spt ν (n), which count the number of smallest parts in the partitions enumerated by p ω (n) and p ν (n), respectively. Of course, spt ν (n) = p ν (n). They proved the congruences
where the first congruence was also independently established by Garvan and JenningsShaffer [19] . In fact, Garvan and Jennings-Shaffer [19] introduced a crank-type function that explains the congruence (1.18). The asymptotic behavior of that crank function was studied by Jang and Kim [21] . As mentioned earlier, (1.21) immediately follows from (1.11), a fact not possibly noticed by the authors of [5] . In [6] , Andrews, Dixit, Schultz and Yee studied the overpartition analogue of p ω (n), namely, p ω (n), which counts the number of overpartitions of n such that all odd parts are less than twice the smallest part, and in which the smallest part is always overlined. They also studied spt ω (n), the number of smallest parts in the overpartitions of n in which the smallest part is always overlined and all odd parts are less than twice the smallest part. They found several congruences modulo 2, 3, 4, 5 and 6 for p ω (n) and spt ω (n). They [6, Problem 1] also raised the question of relating the generating function of p ω (n) to modular forms. Recently, the question was answered in affirmative by Bringmann, Jennings-Shaffer and Mahlburg [12] . Recently, Wang [28] and Cui, Gu and Hao [14] also found many new congruences satisfied by p ω (n), spt ω (n) and spt ω (n) modulo powers of 2 and 3. In particular, Wang [28] derived the following exact generating functions:
We note that congruences (1.19) and (1.20) can be easily deduced from (1.22) as in the following. Taking congruences modulo 5 in (1.22) and using (1.15), we have
Employing Jacobi's identity [10, p. 14] 25) in (1.24), we have
Since k(k + 1) ≡ 0, 1, or 2 (mod 5), equating the coefficients of q 5n+r , r = 3, 4 from both sides of the above, we easily arrive at (1.19) and (1.20) . Furthermore, we note that k(k + 1) ≡ 1 (mod 5) only when k ≡ 2 (mod 5), that is, only when 2k + 1 ≡ 0 (mod 5). Therefore, equating the coefficients of q 5n+1 from both sides of the above we arrive at 27) which is, in fact, contained in (1.18).
Wang [28] offered the following interesting conjecture.
Conjecture
The above conjecture has been proved recently with the aid of modular forms by Wang and Yang [29] .
The cases k = 1 and 2 of the above congruences are (1.27), In this paper, we find the following exact generating functions of spt ω (10n + 3) and spt ω (50n + 23).
Theorem 1.7. We have
Note that the congruences (1.27) and (1.30) follow trivially from the above theorem. In this paper, we also deduce (1.31) and (1.32).
There are several congruences for spt ω (n) modulo 11 and powers of 2 and 3 (For example, see [6, 28, 14] ). But for modulo 5, to our knowledge, the following congruence, found by Andrews et al. [6] , is the only available one: spt ω (10n + 6) ≡ 0 (mod 5).
In this paper, we present the following exact generating function of spt ω (10n + 5) and spt ω (50n + 25). . (1.36)
As a consequence, we also deduce the following new congruences. It is worthwhile to mention that congruences similar to the above for modulo 5 ℓ for some ℓ > 6 might be deduced similarly from (1.36). We propose the following general conjecture. Conjecture 1.10. For integers ℓ ≥ 1, k ≥ 0 and n ≥ 0, we have
and
We employ some well-known identities for the Rogers-Ramanujan continued fraction, which is defined by
and some identities developed in our paper [8] .
We organize the paper in the following way. In the next section, we present some useful definitions and lemmas that will be used in the subsequent sections. In Section 3, we prove Theorem 1.1, and deduce (1.12) and Corollary 1.2. In Section 4, we prove Theorem 1.4 and Corollary 1.5. In Section 5, we prove Theorem 1.7 and the congruences (1.31) and (1.32). In the last section, we prove Theorem 1.8 and Corollary 1.9.
Some useful definitions and lemmas
Ramanujan's theta functions ϕ(−q) and ψ(q) are defined, for |q| < 1, by
where the product representations arise from Jacobi's famous triple product identity [9, p. 35, Entry 19] .
In the following lemma we record some well-known identities (See Berndt's books [9, p. 40] and [10, p. 165] ), where the first three are 5-dissections of E 1 , 1/E 1 , and ϕ(−q), respectively.
, then
3)
In the following two lemmas, we recall some useful results from our recent paper [8] . 
9) .
✷
Proof of (1.12). Employing (1.15) in (1.13), then using (1.1), we have
Extracting the coefficients of q 5n+4 , and then using (1.2), we easily arrive at (1.12). ✷ 
which can be seen to be equivalent to 
